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ABSTRACT

We relate reparametrizations of the parameter ¢ to point
transformations of scalar fields in "loop space."” the configuration
space of string field theory. Formulas are given for the changes
induced by these transformations on the infinite set of "component”
spacetime-tensor fields into which a scalar field on loop space may be
decomposed. New derivative operators on 1loop space are defined,
motivated by the parametrization-dependence of the mapping from Toop
space to spacetime. A generalization to loop space of the
Einstein-Hilbert Lagrangian is proposed as a candidate for a
Znd-quantized string Lagrangian not tied to any preferred background
geometry.
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I. MOTIVATIONS FOR CONSTRUCTING A STRING FIELD THEORY

In describing the quantized dynamics of point particies, we can
utilize either a 1st-quantized or a 2nd -quantized formalism ("field
theory”). Until recently, work on the dynamics of strings has, with few
exceptions [1-3], made exclusive use of 1st quantization.
First-quantized methods are well-suited for studying scattering
problems, since the propagators of a lst-quantized theory describe small
fluctuations of fields about their background vaiues.

It is in addressing questions involving large fluctuations of the
background fields that 2nd quantization is generally of value. The most
familiar example of a "large" fluctuation playing an important role in
physics 1s the Higgs mechanism [10]. Another example, of less certain
{to date) physical relevance, but of supreme theoretical relevance for
string theories, is the spontaneous compactification of spatial
dimensions in a theory which is defined with more than three of them to
begin with (such as every string theory currently believed to be
consistent). In the process of spontaneous compactification it is the
gravitational field whose background value is of relevance. Since the
gravitational field is one of the ‘“component" dynamical degrees of
freedom of a string theory, we must be able to deal with "large
fluctuation guestions” in string theories if we are to understand how
such theories, constrained as they are to twenty-six or ten dimensions,
somehow yield our (apparently) four-dimensional world. (Besides
gauge-symmetry breaking and spontaneous compatification, there are, of
course, other interesting--if perhaps 1less cructal-~-questions which
1st-quantized methods seem i1l-suited to tackle, e.qg.: Do "stringy"
black holes have singularities? Do {nitial singularities occur in
"stringy" cosmologies? What is the spectrum of primordial fluctuations
in these cosmologies?...}

If we are to construct a string field theory to deal with problems
of this nature, it d4s thus clear that the string field theory we
construct should have the following property: The background values of
all fields, especially the gravitational field, should be determined
dynamically, without any one set of background values holding a
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preferential position in the very formulation of the theory. Otherwise
we may simply be putting in by hand that which should properly be the
theory's output.

Unfortunately this property is not possessed by any candidate
string field theory with which the present authors are familiar {1-9].
In particular, these theories are constructed in terms of a flat
background geometry, and the dynamical gravitational degrees of freedom
are deviations from this preferred non-dynamical background. So, issues
of fundamental interpretation aside, these theories are technically best
suited for studying geometrical gquestions involving small filuctuations
away from flat spacetime; precisely the case where lst-quantized theory
is applicabie.

Neediess to say, what is reguired is a 2nd quantized string action
not tied to a special background geometry. This action must contain
symmetries which, in the particle-field-theory ("zero-slope”) limit,
reduce to the gauge and general-coordinate invariances which
1st-quantized string theories possess 1in this 1imit. One possible
source of symmetries 1s the geometry of loop space. In the following
two sections we will study loop space and fields living on loop space,
investigating those properties which are independent of the metric of
the spacetime from which the loop space is constructed, or of a choice
of action for the fields. In the final section we will discuss the
relation of loop-space transformations to physical gauge symmetries, and
will propose a candidate for a string field theory action formulated
independently of a preferred background geometry.

II. REPARAMETRIZATIONS AS TRANSFORMATIONS ON LOOP SPACE

In particle field theory, the dynamical variables are fields which
are functions of zero-dimensional subsets of spacetime, i.e., points.
In string field theory the fields are functions of one-dimensional
subsets of spacetime, ft.e., curves x¥{q), p=1,...,d, Ososn. Strictly
speaking, the fields are functionals of x¥{e¢), since it takes a d-fold
infinity of numbers to specify the curve xH(s). A functional may be
regarded as a 1imiting case of a function of a finite number of



variables:

¥[x¥(a) ]~2[x*(0.01),x*(0.02),...,x*(7)] (2.1)

A function of many variables will, in general, have a different value if
we change the order of its arguments. for example, say xM{o} describes
a closed curve, x¥(m)}=x¥{0). Let

o+ = ¢ - 0.02 (2.2)
and define

M(g) = xH(7) (2.3a)

¥[x¥(o}] = ¥[RH(0)] (2.3b)
Then

Y[ xB () ]~¥[ xF(n-0.01) ,x¥(n),...x*(1~0.02)] (2.4)

and 1if the initial function ¥ is chosen arbitrarily, it will in general
be true that

¥[x*(o)] # ¥[x*(o)]

Thus, the space in which the functionals ¥{x¥(o)}] live is the space
of parametrized curves in d-dimensional spacetime. We will refer to

this space as "Yoop space". (For simplicity we restrict our attention
to closed curves, except where indicated otherwise).

An infinitesimal motion of a point in loop space corresponds to an
infinitesimal displacement in spacetime of each point of the curve x¥(o)
to yield the curve x¥(o};

XP(a) = xP*{o) + evi(o) {2.5)

where ¢ is an infinitesimal parameter and vM{e¢) is a spacetime vector at
the point on the curve x¥ with parameter label g. So, a vector in loop
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space at the 1loop-space point xP(g) 1s a vector field in spacetime
defined along the parametrized curve in spacetime xM{o). To each
parametrized curve in spacetime we can associate a different spacetime
vector field, thus obtaining a loop space vector field v¥[x](«).

We can now identify certain point tranformations in TJoop space,
xM{a)¥xH(e), with “reparametrizations" of o, o3s. A point transformation
in loop space is a reparametrization if 1t maps each point x*{c) on the
original curve to a point X¥(¢) which is also a point of the original
curve x¥{¢). I.e., x¥{o)xH{o) is a reparametrization if there exists a
function o{o)} such that, for all e,

(o) = x*(5(a)) - (2.6)
Since we can define reparametrizations which differ from one curve to
another, we should really write g{x]J{s); or, for infinitesimal
reparametrizations,

g =90+ e g{x]{o) - (2.7)

Consider an infinitesimal point transformation of the form (2.5}; if
this transformation is an infinitesimal reparametrization, then, using
(2.7),

x¥{a) + ev¥[x](o) = x¥({oteg[x]({0))

(2.8)

~ xF(o)+eg[x] (o) ggﬁ

So, if a vector field in loop space is to correspond to an infinitesimal
reparametrization, it must be of the form

V[x](e) = g[x](a)x"¥(o) (2.9)

where



x'B(g) = DX (2.10)
de

That 1is, the corresponding spacetime vector field v#[x}{a) must be
everywhere tangent to the curve x¥(o), as we might intuitively expect.

Having identified point transformations in loop space corresponding
to infinitesimal ¢ vreparametrizations, we are now in a position to
define the action of reparametrizations on scalar functions on Tloop
space. If ¥[x] 1s a scalar functional of the curve x¥(s), then the
"reparametrized" functional E{x] is a scatar functional which has the
same value at x*(o)as ¥[x] has at X¥{o)=x¥(o)+evk[x](s):

¥[x*] = ¥[X¥] = ¥Ix+evE[x]] (2.11)
To O(e),
V(X = 9(x] + € oy ¥[x] (2.12)

where the derivative operator AVR [11],

s¥{x]

T (2.13)

LI
AVRW[X} z [ dovpix]{o)
can of course be defined for any loop-space vector field v¥[x]{¢), not
Just those of the form (2.9).

II1. REPARAMETRIZATIONS AS TRANSFORMATIONS OF TENSOR FIELDS ON

SPACETIME

To investigate the relation between infinitesimal
reparametrizations and linearized gauge transformations we must first
describe the relation between ¥[x{v)] and its "component" tensor fields
f1,2]. Expand ¥[x(e¢)] 1in a Taylor series about a point in loop space
which also happens to be a point in spacetime; i.e., the zero-length
curve



x¥ = Igdox“{u) . (3.1)
Then

M) = ¥[P] + [l SIEXL (xbo)-it)

sx¥{a)

ywH=yH
(3.2)

Iﬂd do 62?£X]

1] i o _emp
. 17% 6xP1 (07)8xP2 () (x (ul) X T)(x (02) Xey ...

+ 1
21

]

xP=x
Choose as a basis for functions of e, O0f£o<w, a set of functions

satisfying
PR -
Iode;(o)fm(u) sxm (3.3a)
% fx(gl)f;(gz) = a(al-az) (3.3b)
- + = L .
fO(O) fo(v) I (3.3¢)

Then ¥ [x"{c¢)] may be expressed in terms of an infinite number of tensor
fields which tive on the spacetime manifold with coordinates XM

=5 L SR P5 RRRLY B
v[xH{a)] = X *... x 'B (x) 3.4
[ ( )] IZO }1,;..}1#0 LI &1 (SRR 1S ( )

where (for A#0)



g 1 T (g
SRR

= 1 ¢m ) s

=1 mge ...d {____ LA x } £ ot 3.5

T 0% Y sxi (o) 87T (o) T | BTl B
X=X
and

s Mot (o) (o) (3.6)

p 0y

We now study how the components

M-k
}11...}11

B

of ¥ change under an infinitesimal reparametrization of the form (2.8).
We will restrict our attention to curve-independent reparametrizations;
that is, reparametrizations generated by loop-space vector fields of the
form

V‘:(U) = g(o)x'¥(o) (3.7)

rather than the more general form (2.8) {Operators of this form appear
as parts of the Virasoro operators of first-quantized string theory, as
we discuss in section IV. Reparametrization fields of the more general
form (2.8) may be of importance, but we shall not consider them here).

Define
g (7 ¥ .
9, Iodﬂf&(o)g(o) (3.8a)
SO
= f . 3.8b
g(a) ;g& ”(ﬂ) { )

Using the above definition, (2.13), (3.4),(3.7), and the relations



sx¥
—k__ = ¥fl(g) 140 (3.9a)
8x (o) v r
sxH N |
st 1 3.9b
§xV (o) v ( )

which follow from (3.1) and (3.6), we find that

. B M
A, ¥[x] = g ouwuX
0y &1-;-*1*0 MM (3.10)
211 Rou.by o 2111
A5 e, A 82N () 4 3g =
A oaxEl ¥2.LM b PV
+Dy.aibp o
(1-s )81 *I(x)}
21,=b IEREE:S
In {3.10} we have chosen
= 1 . 2iko
f (o) =2e 3.11
"(0) i (3.11)

and used the relation

Ll"'&a"'&b"'*l - B &1...ﬁb...La...ﬁ1
pl...ua...pb.--pl pl...pb...ua...uI

B

which follows from the definition (3.5).

The components of any scalar function on loop space may be obtained
using (3.5%) or, equivalently, by taking derivatives with respect to the
xg's and evaluating the result at x% =0 ({.e., at xH(o) = ;“). The
first three companents of (2.12) are, therefore
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(8 -9 -¢4, ¥ =0 (3.12)
Vy Ixﬁ = 0
S (¥-¥-cA w)t —0 (3.13)
CR xg
g d v =
9 Y-¥-cA ¥ = 3.14
@ o ( F Vi )‘xt =0 ( )
me axm
1 2

Using (3.4} and {3.10) and defining

My ... [ P 11 o
I SRR BFML S I e ) (3.15)

dl... I &1... I 1...&}

-ml...mI ml, .mI . -

where B (B ) is a component of ¥(¥), (3.12)-{3.14) become

ul...al Gl...dl
§B(x) = 0 (3.16)
687(x) = Zime {g-m 2B(X) . Zg (1 800 (3.17)

V7 VE a0 m-b «
b

192 2 . 4ie
§B x) = —= {1-8 1-¢

iy, {x} T { " ,O)( w ,0)

1 2
9m, 3 o +h,my o
Gt e B Zg P2 )
1 2Jﬂ axal lg—b 1 a2

(3.18)

My & o Mmo+h ,m o
em 2 S BHR) 4 ) ay(lety, )82 L (3]
v axaz ul o 32 al
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In {3.16)-{3.18}, we have computed the changes in the components

UL T
}11. . .}J.I

of ¥ with regard to a fixed basis

schematically,
L B
AY ~ 68ll T Xy (3.19)
There are other ways to define the effect of a derivative operator on

the component  fields. In general, the xf's are changed under
reparametrization. If

o =c + £g(0) (3.20)
and

FH(a) = xB{e) = xM(a)> eg(a)x M(a) (3.21)
then

i: = x: + ejgdofi(u)g(u)x'uca) (3.22)

(In obtaining {3.22) we require that the functions fx(c) retain their
form under reparametrization, i.e.,

f&(ﬁ) = f*(ﬁ) (3.23)

To do otherwise would be to introduce at the outset a distinction
between different choices of parametrization). Even the spacetime
coordinates x* are not invariant under arbitrary reparametrizations:
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MR T jgdag(a)x'v(a) : (3.24)
n

!

for any reparametrization (3.20), (3.21}, define the derivative
operator Dgq by the relations

xP= 14 - xt) ;420 3.25a
g@g )3 5%8 e( 2 ;) - ( )

@, x¥= 1im

i (?E - xHy . (3.25a)

)

m =

[{a]
-

Using (3.23)-(3.25) we find that

xH = 3 xupeim , L#O 3.26

@D g ) % xm[Jw 9;_"9 3 ( )

@ xk =3 xR[EMg 7 3.27)
97y, % m g—m (3.

To obtain the action ofﬁbg on the components
j ERR T

By,

Wy.--H]

we require that Qig reduce to the directional derivative in the

direction vh{x]{s) = g(o)x'#(o) when acting on scalars,
@ ¥ =A,¥, {3.28)

and that gzg obey the Leibniz rule; schematically,

@ ¥=(DB*)x" + B (@ xM) . (3.29)
g gun H g i

We find that
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o I 2iL Rreeobi_1 Mparee-by o
()= (-, )8 — kg 3 o 1 b1 Mt
B e eH] Ok=1 ™ mhie BXTK W] ML

for example:
B(x) = 0 (3.31)
Lo 2i aB(x
@B (x) = wmf q o( )
gnp L -t ax]-'-

(3.32)

o 1 L °
@ B”"l ;Z(X) = _{_1_ g 3_9__ sz(x) + _EZ q 30 B"'1 {x}) (3.33)
9w ¥ TTh axbl W2 TRz axMe ¥y

Equation (3.33) may be reexpressed in terms of its antisymmetric and
symmetric parts:

sagBL1L2 (x) = 3 (g Mra(x) (3.34)
[ryno] [y w2l
and
5393’1*2 (x) = 8 (Mg rre(x) (3.35)
(B1r2) (u1  np)
where
(Eemre I gl TR gl (3.36)
M L T ckoowm

The transformations (3.32), (3.34) and (3.35) are of the forms of
linearized gauge transformations of Maxwell, Kalb-Ramond and
gravitational fields, respectively.

{In a physical closed-string field the vector component is removed
upon imposing--either by restricting the space of states or by a
projection operator 1in the Lagrangian--the requirement that ¥ be
invariant under uniform curve-independent reparametrizations: i.e.,
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A Y =20 (3.37)

where
vg[x](u) = gox'"(o), gD = gonstant . (3.38)

The reader can verify that (3.37) implies

M%) =0 untess fqte . tpy = 0 (3.39)
Mi---H]
so, in particular, Bﬁ(;) = 0 since t =0.
For open strings the restriction (3.39} does not arise, since, for
these, g(c¢) = g, = constant 1s not a reparametrization, except for
9g = 0. For open strings

RH(0) = x™M0) , X*(x) = xM(n) (3.40)

s0 (2.8),{2.9), and (3.40} imply that
g(0) = g{r) =0 . (3.41)

We cannot invoke here the 1st-quantized equations of motion,
x'¥(0)y=x"'H{n)=0, since we are dealing with the field theory and x"(q)
is, not a dynamical variable, but an element of the set which indexes
the dynamical variables ¥. So, we see that the only uniform
reparametrization of open curves consistent with (3.40) is the identity,
9(e) = 0}.

What is the infinitesimal transformation of ¥ such that the
components of this transformation {i.e., with respect to fixed xg's) are
of the form (3.30)7 That s, what operator Dg satisfies

e DY = (e BY) . x*? (3.42)
g g w 3

The required operator has the form
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D =21 (ymaykg )2 . 3.43
g = G ) 2 (3.43)

It can be easily checked that, uniess g{¢) is identically zero, Bg is
not a curve-independent reparametrization. That 1is, there is no
function q(o) such that

D =4 = f"do q(o)x'(o) &~ . (3.44)
g ax 0 sxm(d)

However, Dg does have a simple interpretation. Using (3.27b) and
(3.43), we see that

eD =eq@ xtL =My (3.45)
g g axF axu

So, ¢ Dg is the spacetime translation operator which translates by an
amount proportional to the shift in spacetime coordinate x" associated
with a reparametrization o =3 oteg(s}.

IV. DISCUSSION

Is etther the A or D transformation a viable candidate to yield
linearized gqauge transformations in a physical string field theory?
That is, should one attempt to construct loop space actions, functionals
of ¥[x*{e)], which, at least linearly, are invariant under

Yo7+ f:Avr?' (4.1)
or

¥ 5 ¥+ DY ? (4.2)

Invariance under (4.1) or (4.2} corresponds to invariance under
component-field transformations such as (3.16)-(3.18) or (3.31)-(3.35).
Although, as has been noted, (3.32),(3.34), and (3.35) are similar in
appearance to familiar gauge-transformation laws, both (4.1) and (4.2)
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differ from the usual gauge transformations in an important respect; the
transformation parameters on the right-hand sides are themselves
proportional to the fields which are being transformed, rather than
totally arbitrary functions. Theories possessing invariance under (4.1)
or {4.2) would thus be very different from conventional gauge theories
[12]. If we want the usual electromagnetic, gravitational, etc.,
Tinearized gauge invariances to be contained in our theory, we must
replace (4.1) and (4.2) with

¥ 97 +ep O {4.3)
r

Y ¥+ e (4.4)

where © is an arbitary scalar function on Toop space. (Admittedly, in
doing so0 we lose the purely geometric interpretation which (4.1), (4.2)
have, although the operators avr and Dg are still associated with
geometric transformations 1in Jloop space). The equations for the
components of tranformations (4.3) and (4.4} are identical to those for

the components of (4.1) and (4.2), except that, on the right-hand sides,

11...&1 L]

B (x)
pl...pI

is replaced by

Mgy
”1"'“I

w

where

a[x] =Izo o xlgle 1 g (4.5)

For example, (3.32) becomes
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B (x) = 21k ¢4 Q%iﬁl ) (4.6)
g H L -l" axp‘

Even with this improvement, the rule ¥+?+eﬂgﬂ is unsuitable 1in
another way for use as a gauge-transformation law. Under this rule, all
the component tensor fields transform as gauge fields. So, a theory
with this symmetry would have an infinite number of physical gauge
fields.

As for ?4¥+eﬁvrn, comparisan with first-quantized string theory
suggests that this 1is only part of the correct rule. In the
first-quantized theory in flat spacetime a crucial role s played by the
Virasoro operators [13]. Each of these operators is equal to the sum of
a Avr operator, for a suitable g(¢), with another piece which s a
Fourier transform with respect to o of the operator

___nl.l\o‘ § 8 + 1 n x-p(d)x.v(u) (a-'?)
sx#(a) 6x¥(o) 4nle'? WY

(“uv is the Minkowski metric, and o' is a constant). In the context of
string field theory it i1s not clear how to give these operators a
geometrical  interpretation [14]. There 1is of, course, a formal
similarity with the mass-shell operator for point particles,

_uv 3 ] 2
" et -8

in that both (4.7) and (4.8) arise from the constraint equations
satisfied by the respective canonical momenta,

1
dnca

P (6)P (o) + b n x*Bla)x' V(o) = O (4.9)
B 2 1Y

H 2 =
pPp, + m° =0 ,

as consequences of the choice of a parametrization-invartant action for
the respective ctassical objects [13],
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S(string) ~ [ do de[-{x)Z(x"' )%+ (i-x')z]l/2 , (4.11)

0 1/2
S(particle) ~ [ dr [-x%} '~ . (4.12)
This analogy suggests that the Nambu action (4.11) be regarded as a

distance function in loop space, and that any metric tensor on "curved"

loop space should have the property that the "interval" between the
loop-space points xM{e)}, y*(s) 1s equal, at least for ‘“nearby" points,
to the area of the minimal surface between them.

Having seen that Tloop-space geometry may bear at least some
relation to physical gauge symmetries, we are motivated to propose a
purely geometric candidate for a  background-geometry-independent
formutation of the string field theory action. Our proposal is a
modification of an action invented by Freund and Nepomechie [15] in
studying the geometry of Kalb-Ramond fields, and its potential
applicability to string theory was originally noted by them. These
authors take as their action the Einstein-Hilbert action constructed
from a metric tensor living on a space even Jlarger than 1loop space,
namely, the fiber bundle (loop space} @ U(1l). After certain ad hoc
restrictions are imposed on the form of the metric and the xgao Timit 1s
taken, this action reduces to the bosonic part of the action for
ten-dimensional supergravity.

Since ¥ contains objects,

B AW,
{(nv)

with transformation properties similar to the linearized gauge
transformation properties of a metric perturbation huv, it seems
unwarranted to introduce an additional field in the theory to describe
the geometry. Indeed, one of the beauties of string theory is precisely
the fact that gravitational degrees of freedom arise from the string
degrees of freedom. We therefore suggest that one take as the
loop-space metric tensor, out of which to construct the loop-space
Einstein-Hilbert action, the second variational derivative of the scalar

string field itself (not restricted to xj = 0!):
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g (o,.0) = 87X . (4.13)
vz 1020 5y (o) 6xM2(ayp)

¥ is, in general, complex, so it may not be necessary to augment
loop space with an additional U(1) fiber. The results of [15] seem to
indicate that such a theory will have a suitable particle-field-theory
(x> 0} limit; 1ts properties as a string field theory (x} ¢ 0) are

X
currently under investigation,

We would like to thank Michio Kaku and Stuart Raby for enlightening
discussions, and the Lewes Center for Physics for warm hospitality
during the course of this work.
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